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I n  o r d e r  t o  m e e t  h igh  r e l i a b i l i t y  requirements,  complex machines are 

o f t e n  designed wi th  a k-out-of-n component conf igu ra t ion ,  i n  which t h e  

system 

work. Such r e l i a b l e  machines are of ten  composed of r e p a i r a b l e  components 

and are maintained through scheduled, pe r iod ic  overhauls ,  during which a l l  

f a i l e d  p a r t s  are rep laced  by good ones. 

t o  determine t h e  opt imal  inventor ies  of r e p a i r a b l e  s p a r e  p a r t s  f o r  such a 

system and s imultaneously determine t h e  opt imal  r e p a i r  po l i cy  when t h e r e  i s  

a choice  a t  each overhaul  among a s e t  of r e p a i r  rates. The r e p a i r  po l i cy  

may be  s ta te-dependent ;  a po l i cy  might u s e  a f a s t  r e p a i r  rate when q o r  

fewer s p a r e s  are on hand a t  t h e  end of an  overhaul ,  and use  a slow r e p a i r  ra te  

otherwise.  

s tockou t s  and r e p a i r s .  

and i t s  s o l u t i o n  through l i n e a r  programming. 

is  operable  so  long as a t  l e a s t  k of i t s  n i d e n t i c a l  components 

W e  develop a Markov dec i s ion  model 

The o b j e c t i v e  is  t o  minimize t o t a l  long-run expected c o s t s  of s p a r e s ,  

A simple example i s  included t o  i l l u s t r a t e  t h e  model 
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1. INTRODUCTION 

Complex machines which must perform very r e l i a b l y  are o f t e n  designed 

so  t h a t  they  can func t ion  even when some components have f a i l e d ,  employing 

a k-out-of-n component configurat ion.  

f o r  p e r i o d i c  overhauls  a t  a maintenance cen te r ,  during which a l l  f a i l e d  

p a r t s  are rep laced  by good ones t o  renew t h e  machine's r e l i a b i l i t y .  I n  

gene ra l ,  pe r iod ic  overhauls  are advisable  when emergency r e p a i r  during 

t h e  t i m e  i n t e r v a l  between overhauls i s  impossible  o r  very  c o s t l y ,  as w i l l  

o f t e n  be  t h e  case f o r  systems on submarines, a i r c r a f t ,  h e l i c o p t e r s ,  and 

space  veh ic l e s .  

Such machines are o f t e n  scheduled 

A t y p i c a l  a p p l i c a t i o n  of the model involves  u l t r a - r e l i a b l e  av ion ic s  

c o n t r o l  systems f o r  commercial a i r c r a f t ,  p re sen t ly  being developed by NASA. 
The av ion ic s  system w i l l  c o n s i s t  of r e l i a b l e ,  r epa i r ab le ,  expensive modules, 

arranged i n  a k-out-of-n configurat ion.  For example, t h e  c o n t r o l  system 

might be  operable  i f  3 ou t  of 5 CPU's were opera t ing .  Demands f o r  p a r t s  

a t  p e r i o d i c  o v e r h a u l s w i l l b e  m e t  by inven to r i e s  stocked a t  a maintenance 

c e n t e r .  

The machines must leave the  maintenance cen te r  i n  "good-as-new" condi- 

t i o n  i n  o rde r  t o  m e e t  r e l i a b i l i t y  requirements.  Therefore,  i f  a needed 

p a r t  o r  p a r t s  are no t  a v a i l a b l e  i n  c u r r e n t  inventory,  t h e  overhaul  cannot 

be  completed wi thout  i ncu r r ing  ex t ra  c o s t .  Required p a r t s  which are ou t  

of s t o c k  must be obtained by some emergency procedure,  such as immediate 

r e p a i r  of t h e  p a r t .  Stockout cos t s  w i l l  vary,  depending upon t h e  number 

of p a r t s  requi red .  

A Markov d e c i s i o n  model t o  determine t h e  opt imal  r e p a i r a b l e  p a r t s  in -  

ventory  and r e p a i r  s t r a t e g y  f o r  such a maintenance c e n t e r  i s  developed i n  

t h i s  paper.  T o t a l  long-run expected shor t age  c o s t s ,  r e p a i r  c o s t s ,  and hold- 

i n g  c o s t s  are minimized f o r  a machine conta in ing  a s i n g l e  system of redundant 

p a r t s .  

r e p a i r  rate, and t h e  opt imal  spare  p a r t s  inventory and r e p a i r  s t r a t e g y  i s  

determined through l i n e a r  programming. 

i l l u s t r a t e  t h e  model. 

T r a n s i t i o n  p r o b a b i l i t i e s  a r e  ca l cu la t ed  f o r  each p o s s i b l e  s ta te  and 

A simple example i s  included t o  
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2 .  RELATED MODELS I N  THE LITERATURE 

There is  very  l i t t l e  l i t e ra ture  on t h e  problem of opt imal  maintenance 

c e n t e r  i nven to r i e s .  I n  a r e c e n t  survey by Nahmias [ 2 ]  of t h e  r e p a i r a b l e  

inventory  l i t e r a t u r e ,  t h e r e  were no maintenance c e n t e r  models c i t e d .  I n  

a l l  of t h e  models h e  reviewed, a demand f o r  a p a r t  was  recognized as soon 

as t h e  p a r t  f a i l e d .  I n  a maintenance c e n t e r  model, demands f o r  p a r t s  occur  

a t  p e r i o d i c  overhauls ,  where severa l  p a r t s  may be  demanded s imultaneously 

and a l l  demands must be  m e t  i n  order t o  complete t h e  overhaul.  

found opt imal  maintenance c e n t e r  i nven to r i e s  f o r  complex machines under a 

job-completion c r i t e r i o n ,  where a s i n g l e  s tockout  pena l ty  w a s  assessed  i f  

t h e  overhaul  could n o t  b e  completed because of shor tage .  

machines w i t h  several types  of pa r t s ,  bu t  exac t  r e s u l t s  were obta ined  only 

when p a r t  f a i l u r e s  were low and there  w a s  only one p a r t  of each type.  

Lawrence and Schaefer  [ 3 ]  found optimal i n v e n t o r i e s  f o r  a set of independent 

k-out-of-n systems under a cons t r a in t  on t o t a l  investment,  bu t  t h e  r e p a i r  

rate f o r  each type  of p a r t  w a s  constant ,  s o  t h a t  t h e  dec i s ion  v a r i a b l e s  

were t h e  i n i t i a l  number of spa res  of each type.  The model presented  he re ,  a 

rudimentary v e r s i o n  of which appeared i n  Schaefer  [ 5 ] ,  assesses a d i f f e r e n t  

s tockout  pena l ty  f o r  each number of p a r t s  missing and sums t o  determine t h e  

expected s tockout  c o s t s .  Using a Markov decison process  model, t h e  opt imal  

s p a r e s  inventory  and r e p a i r  shop s t r a t egy  are determined. 

Schaefer  [ 4 ]  

The model handled 

3.  THE MODEL AND ITS LINEAR PROGRAMMING FORMULATION 

Consider a maintenance center  s e rv ing  a set of i d e n t i c a l  machines con- 

W e  t a i n i n g  a s i n g l e  k-out-of-n system of independent i d e n t i c a l  components. 

assume t h a t  each machine has  an i d e n t i c a l  workload and t h a t  one machine arrives 

f o r  overhaul  each day. W e  seek the i n i t i a l  inventory of s p a r e  p a r t s  and r e p a i r  

s t r a t e g y  which minimizes expected s tockout  c o s t s ,  r e p a i r  c o s t s  and hold ing  

cos t s .  W e  assume t h a t  each machine arrives f o r  overhaul  i n  func t ion ing  con- 

d i t i o n  so t h a t  a t  least k p a r t s  are working. That is, t h e  machine i s  so re- 

l i a b l e  t h a t  t h e  p r o b a b i l i t y  t h a t  more than  n-k p a r t s  have f a i l e d  i s  n e g l i g i -  

b l e ,  s u r e l y a r e a s o n a b l e  assumption since-redundancy is  employed t o  ensure  h igh  

r e l i a b i l i t y .  

i t  even tua l ly  r e t u r n s  t o  rep len ish  t h e  s tock  of s p a r e s  a t  t h e  maintenance cen te r .  

The t o t a l  number of spa res  on hand and undergoing r e p a i r  i s  a cons t an t ,  s, which 

is  a d e c i s i o n  v a r i a b l e  i n  t h e  model. 

Each f a i l e d  p a r t  is  immediately s e n t  t o  a r e p a i r  shop, from which 

A s tockout  s i t u a t i o n  w i l l  occur  i f  demand 
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f o r  spa res  a t  an overhaul exceeds the number of spares p resen t ly  on hand. 

assume t h a t  even if t h e  p a r t  is  stocked o u t ,  t h e  machine is re leased  from over- 

haul  wi thout  apprec iab le  de lay ,  although a shor tage  penal ty  is  assessed .  

excess  demands are not  backordered. 

W e  

Thus 

W e  assume t h a t  a f t e r  each overhaul t h e  maintenance cen te r  can choose t h e  

repair rate t o  be employed by t h e  r epa i r  shop u n t i l  t h e  next  overhaul ,  pre- 

sumably by us ing  overtime o r  add i t iona l  repairmen. 

and t h e  r e p a i r  rate are t raded  o f f  aga ins t  each o the r ;  a s m a l l  number of spa res  

r epa i r ed  r a p i d l y  may be as e f f e c t i v e  as a l a r g e  number of s p a r e s  r epa i r ed  a t  a 

slow rate. 

requi red .  

The number of i n i t i a l  spa res  

In f a c t ,  i f  r e p a i r s  were ins tan taneous ,  no spa res  a t  a l l  would be  

W e  w i l l  assume t h a t  us ing  a f a s t e r  r e p a i r  rate c o s t s  more than a slow one. 

Otherwise, i t  would never be optimal t o  use  a slow r e p a i r  r a t e .  Although f a s t e r  

r e p a i r  rates are more c o s t l y ,  i f  they are u t i l i z e d ,  t h e  expected r e p a i r  t i m e  pe r  

spare i s  decreased s o  t h e  chances of s tockout  pena l ty  a t  t h e  next  overhaul  are 

diminished. The opt imal  r e p a i r  s t r a t egy  might be t o  choose a slow r e p a i r  rate 

a t  a l l  t i m e s  when t h e r e  are several spares  on hand and t o  u s e  a f a s t e r  rate when- 

ever  c u r r e n t  spa res  inventory i s  low, so  as t o  decrease the  p r o b a b l i i t y  of s tock-  

out  a t  t h e  next overhaul.  Of course,  t h e  opt imal  number of spa res  and r e p a i r  

s t r a t e g y  w i l l  depend upon t h e  r e l a t i v e  c o s t s  of s tockouts ,  r e p a i r s  and inventory.  

W e  model the inventory process  as a Markov chain,  wi th  t i m e  i n t e r v a l s  of 

one day and states represent ing  the number of spa res  a v a i l a b l e  a t  t h e  maintenance 

cen te r  a t  t h e  end of t h e  day. 

Thus t h e  p o s s i b l e  states are m-n , . . . ,~ ,  where s is  t h e  number of spares i n i t i a l l y  

stocked. 

Stockouts are denoted by negat ive  state va lues .  

W e  in t roduce  t h e  fol lowing notat ion:  

H = d a i l y  holding c o s t  

"r 

K = expected c o s t  pe r  day of repa i r ing  spares a t  rate I.I 

X = cons tan t  f a i l u r e  rate of each component i n  f a i l u r e s / h o u r ;  

T = c y c l e  t i m e  between overhauls ,  i n  hours;  

a = 1 - exp(-AT) = p r o b a b i l i t y  t h a t  a s i n g l e  p a r t  has  f a i l e d  during t h e  cyc le ;  

b 

of a spa re ;  

= t h e  r t h  exponent ia l  r e p a i r  r a t e ,  k r < R ;  

r r' 

= 1 - exp(-pr) = p r o b a b i l i t y  that a p a r t  which w a s  a t  the r e p a i r  shop a t  the r 
end of one day r e t u r n s  t o  the  center  by t h e  end of t h e  next  day us ing  r e p a i r  

rate p r' 
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= pena l ty  c o s t  f o r  having i spares  on hand, i < O  (emergency r e p a i r  c o s t ) ;  
Li 

Zr ( t , u )  = cond i t iona l  p r o b a b i l i t y  t h a t  t spa res  r e t u r n  t o  t h e  maintenance 

c e n t e r  from t h e  r e p a i r  shop on a day t h a t  begins  wi th  u i n  t h e  r e p a i r  

shop, us ing  r e p a i r  rate 1.1 O<t<u<s; r' - _ _  
Ps(r )  = matrix of t r a n s i t i o n  p r o b a b i l i t i e s  with elements P r ep resen t ing  t h e  i j '  

p r o b a b i l i t y  t h a t  j spa res  are on hand a t  t h e  end of a day, g iven  t h a t  i 

s p a r e s  w e r e  on hand a t  t h e  end of t h e  previous day, t h e  r e p a i r  rate w a s  

'r 
The p r o b a b i l i t y  v 

and t h e r e  were s spa res  on hand i n i t i a l l y .  

t h a t  m p a r t s  are demanded a t  an  overhaul ,  m 

O<m<n-k, is  v = (m) n m  a (l-a)n'm. m -- 
Also, Z.r(t,u) = (y)br t (l-br)u-t. 

Then P , . ( r )  f o r  a given va lue  of s may be ca l cu la t ed  as 
13 

min C(s-j,n-k) 

m=max { 0, i- j 1 
Since t h e r e  are no backorders,  P .  .(r) = P .(r) f o r  i = k-n,...,-1 and a l l  j .  

v Z (m-tj-i,s-i) f o r  i = 0,1, ..., s and j = k-n,. . . , s .  m r  P . . ( r )  = 1 
1J 

1J OJ 
The problem may now be  formulated as a l i n e a r  programming problem [l] 

with  d e c i s i o n  v a r i a b l e s  y 

For a given va lue  of s, w e  formulate t h e  problem of minimizing long run 

expected average cost of r e p a i r s  and shor tages  pe r  u n i t  of t i m e  as (P):  

(P):  min E[C(s)] = C 

where yir = P I s t a t e  = i and r e p a i r  rate = r) .  i r  

S R -1 R 
+ e  LiYir KrYir i=k-n r=l i=k-n r=l 

s u b j e c t  t o  

S R 

i=k-n r=l 
(1) C yir = -1, 

R S R 

r=l i=k-n r=l 
c 9 .  P..(r) = 0 f o r  j = k-n,.. . ,s-l,  i r  ij c (2) Y j r  - 

(3) yir 0, i=k-n, ..., s; r=1,2, ... R. 
This  problem i s  of reasonable  s i z e ,  having only R(s+n-k+l) v a r i a b l e s  and 

s+n-k+l c o n s t r a i n t s ,  bes ides  t h e  non-negativity c o n s t r a i n t s .  There are s+n-k+l 

p o s s i b l e  s ta tes  of t h e  system so there  are s+n-k+l nonzero y 

opt imal  so lu t ion .  I f  yir 

va lues  i n  t h e  i r  
0, r is t h e  repair rate t o  be used when t h e r e  are 
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i on hand. 

p o l i c y  i s  d e t e r m i n i s t i c  [l]. 

There i s  exac t ly  one p o s i t i v e  y f o r  each i so  t h e  optimal r e p a i r  i r  

Problem (PI can be  so lved  by the simplex method. A l t e rna t ive ly ,  i t  can 

be  so lved  by a policy-improvement algorithm, which i s  a good choice  f o r  t h i s  

problem s i n c e  many p o s s i b l e  p o l i c i e s  can be r e j e c t e d  as c l e a r l y  non-optimal, 

reducing t h e  p o t e n t i a l  number of p o l i c i e s  t o  be examined. I n  p a r t i c u l a r ,  no 

s t r a t e g y  wi th  fas t  r e p a i r  f o r  i=q  and slow r e p a i r  f o r  i=q-1 would ever be o p t i -  

mal, s i n c e  f a s t  r e p a i r  c o s t s  more than slow r e p a i r  and t h e r e  i s  g r e a t e r  chance 

of s tockou t  a t  next  overhaul  i n  s ta te  i-q-1 than  f o r  s t a t e  i=q .  Fu r the r ,  i f  t h e  

c r i t e r i o n  is  t o  minimize expected t o t a l  discounted c o s t s ,  t h e  method of success ive  

approximations [l] may be used. This method h a s  t h e  advantage of never r equ i r -  

i ng  s o l u t i o n  of a system of simultaneous equat ions.  

m a l  p o l i c y  w i l l  no t  n e c e s s a r i l y  be  reached i n  a f i n i t e  number of i t e r a t i o n s .  

A s e p a r a t e  opt imal  r e p a i r  s t r a t e g y  must be  determined f o r  each va lue  of s. 

i s  added t o  t h e  hold ing  

On t h e  o t h e r  hand, t h e  op t i -  

* 
The t o t a l  expected r e p a i r  and stockout c o s t  E[C(s)]  

c o s t  H s  t o  g e t  t o t a l  expected cos ts .  The optimal v a l u e  of s and i t s  as soc ia t ed  

s t r a t e g y  is  t h e  one t h a t  minimizes t o t a l  expected c o s t s .  

4. ILLUSTRATIVE EXAMPLE 

Consider a machine conta in ing  a 4-out-of-6 redundant system. W e  assume 

t h a t  t h e  machine always arrives f o r  overhaul  func t ion ing ,  s o  t h a t  no more than  

2 components have fa i led . '  The other  parameters are as fol lows:  

a = 0.05, R = 2, bl = 0.2, b2 = 0.6, L-l = $500, L-p = $800, K1 = $50, K2 = $75. 

The r e su l t s a re summar ized  i n  Table 1, f o r  s 4. For each p o s i t i v e  va lue  of s,  t h e  

opt imal  s t r a t e g y  i s  t o  u s e  t h e  f a s t  r e p a i r  rate only  when t h e r e  are no s p a r e s  on 

hand. 

As noted earlier, hold ing  c o s t s  have n o t  y e t  been considered.  The d a i l y  * 
hold ing  c o s t s ,  H s ,  must b e  added t o  E [ C ( s ) ]  

range of H va lues  f o r  which each s va lue  i s  opt imal  may be ca l cu la t ed  e a s i l y  by 

f i n d i n g  t h e  breakeven p o i n t s  where E[C(s)] + H s  = E[C(s+l)]  + H ( s + l ) .  The re- 

s u l t i n g  i n t e r v a l s  are shown i n  Table 2. 

t o  g e t  t o t a l  c o s t s ,  T C ( s ) .  The 

* * 

' T h i s  a s sumpt ion  shou ld  be v e r i f i e d  b y  c a l c u l a t i n g  the p r o b a b i l i t y  t h a t  the 

number f a i l e d  exceeds n-k. In o u r  example,  this p r o b a b i l i t y  i s  o n l y  0.002. 



TABLE 1 

Linear  Programming So lu t ions  

Optimal S t r a t egy  

-2 = e0305 Emergency r e p a i r  only,  $140.45 

-1 

0 m 

o v  

no spares  on hand. Proba- 
b i l i t i e s  o f .  s tockout  are  V = .2321 

= .7351 merely the  v measures. 

= .0064 F a s t  repair f o r  i = -2,-l,O, $ 94.84 

V 

slow repair  f o r  i > 1. 
y-22 

- y-12 = .0608 

yo2 = .3075 

yll = .6254 

= .0017 F a s t  repair f o r  i = -2,-l,O, $ 65.33 
slow repair f o r  i > 1. 

y-22 
,y-12 = .0201 - 
yo2 = .1346 
yll = .4422 

y = .4015 

= .0005 F a s t  repair f o r  i = -2,-l,O, $ 55.48 
slow repair f o r  i > 1. 

y-22 
- 

y-12 = .0070 

yo2 = .0557 

yll = .2340 

y21 = .4003 

y31 = .3026 

= .0002 Fas t  repair  f o r  i = -2,-l,O, $ 51.95 
slow repair f o r  i > 1. y-22 

yo2 

- 
y-12 = .0024 

= .0212 

yll = . lo47 

y21 = .2597 

y31 = .3679 

y41 = .2440 



. 

S - 

TABLE 2 

H and TC(s) Intervals 

H Values For Which s Is Optimal Resul t ing  TC(s) 

H >/ $45.61 TC(0) = $140.45 
$29.51 d H < $45.61 124.32 < TC(1) < $140.45 
$9.85 4 H $29.51 75.18 4 TC(2) < $124.32 
$3.53 4 H < $9.85 
H \< $3.53 

59.01 < TC(3) < $ 75.18 
TC(4) 4 $59.01 
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Thus, by cons ider ing  holding c o s t s  l a s t ,  a s imple s e n s i t i v i t y  a n a l y s i s  

f o r  H i s  apparent .  

may be easier t o  decide i n  which i n t e r v a l  t h e  H va lue  l ies ins t ead .  

w i s e ,  i f  H i nc reases  o r  decreases ,  Table 2 i n d i c a t e s  whether a change i n  s is 

requ i r ed .  

I f  ho ld ing  costs are d i f f i c u l t  t o  estimate exac t ly ,  i t  

Like- 

The holding c o s t  needn't  be  l i n e a r .  A non-linear func t ion  H ( s )  p r e s e n t s  

no problem s i n c e  T C ( s )  i s  enumerated. 

5. EXTENSIONS 

In  t h i s  s e c t i o n  we d e s c r i b e  the  requi red  changes i n  t h e  model when 

(a) component f a i l u r e  rates are increas ing  r a t h e r  than  cons tan t  and preven- 

t i ve  replacement i s  necessary,  and (b) when t h e r e  is  congest ion p o s s i b l e  i n  

t h e  r e p a i r  shop because t h e r e  i s  only a s i n g l e  repairman. 

(a) 

component must be  rep laced  prevent ively a f t e r  M 

of component f a i l u r e  between overhauls w i l l  i n c r e a s e  wi th  t h e  number of over- 

h a u l  cyc le s  completed. L e t t i n g  the number of cyc le s  completed be i, t h e  proba- 

i = O , l ,  ..., M-1. b i l i t y  of component f a i l u r e  on cycle  i+l is  denoted by a 

Then t h e  s t eady- s t a t e  component age d i s t r i b u t i o n  may be determined by f ind-  

i ng  s t eady- s t a t e  p r o b a b i l i t i e s  f o r  a simple d i s c r e t e  Markov cha in  wi th  t ran-  

s i t i o n  p r o b a b i l i t i e s  p 

When component f a i l u r e  rates inc rease  over  t i m e ,  w e  assume t h a t  t h e  

cyc les .  Then t h e  p r o b a b i l i t y  

i+l ' 

def ined  a s  fol lows:  
i j  

p . .  l,F+l : 7  - - l-ai+l f o r  i = O ,  1,. . . ,M-1; 

pio = ai+l f o r  i = O , l ,  ..., M-1; 

'Mj - 'Oj i j  
f o r  j = O , l ,  and p = 0 elsewhere.  - 

Here s ta te  0 means t h e  p a r t  must b e  replaced because of f a i l u r e ,  and state 

i=1,. ..,M means t h e  p a r t  has  success fu l ly  gone through i cycles .  Because 

t h e  ma t r ix  is  spa r se ,  closed-form express ions  f o r  t h e  s teady-s ta te  p robab i l i -  

t ies  are a v a i l a b l e .  I n  p a r t i c u l a r ,  g iven  a set of { a . )  p r o b a b i l i t i e s ,  t h e  

s t eady- s t a t e  p r o b a b i l i t y  t h a t ,  a t  an  overhaul ,  a component w i l l  need t o  be  re- 

placed because of f a i l u r e  is  given by Ib=(l-a a ...%)/( l+a +a a +...+a a 
whi le  t h e  p r o b a b i l i t y  of prevent ive replacement i s  given by 

It =a . . .%/ (l+ala2.. . a ~ - ~ )  where a =1-a , i=1 ,2 , .  . . ,M. 

t h a t  a p a r t i c u l a r  component w i l l  need t o  be rep laced  a t  a n  overhaul  i s  g iven  by 

II=II +II For a k-out-of-n system, t h e  p r o b a b i l i t y  v t h a t  exac t ly  m p a r t s  are 

1 

- - 
1 2"*%-1) 1 2  1 1 2  

- - 
Thus t h e  p r o b a b i l i t y  

M 1  i f  

o M' m 
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demanded i s  now v llm(l-II)n-m. The rest of t h e  a n a l y s i s  remains t h e  same. m m  
I f  M i s  no t  s p e c i f i e d  bu t  a c o n s t r a i n t  on mission r e l i a b i l i t y  e x i s t s ,  t h a t  

is, t h e  p r o b a b i l i t y  t h a t  t h e  system f a i l s  between overhauls  cannot exceed some 

s m a l l  number, a, then M may be determined. L e t t i n g  II (M) be t h e  p r o b a b i l i t y  
0 

t h a t  a p a r t  f a i l s  between overhauls when replacement occurs  

t h e  opt imal  M w i l l  be  t h e  l a r g e s t  va lue  s a t i s f y i n g  
~ 

11 

c 
n 
c 

j=n-k+l 
(3) no(M) ’(l-no(M))n-’ 6 a, which may be  found by (3) no(M) ’(l-n-(M))n-’ 4 a, which may be  found by 

j=n-k+l 0 

s i n c e  f a i l u r e  p r o b a b i l i t y  increases  wi th  M. 

(b)  
assumption t h a t  service t i m e s  were independent, i d e n t i c a l l y  

The second g e n e r a l i z a t i o n  involves  t h e  r e p a i r  t i m e s .  

a f t e r  M cyc le s ,  

a simple sea rch ,  

The earlier 

d i s t r i b u t e d  expon- 

e n t i a l  random v a r i a b l e s i m p l i e s t h a t  t h e r e  are a n  unl imi ted  number of r e p a i r -  

men, t h a t  a f a i l e d  u n i t  w i l l  begin undergoing r e p a i r  immediately. 

texts,  t h i s  assumption i s  no t  r e a l i s t i c ,  s i n c e  congest ion w i l l  appear when t h e r e  

are few servers and many u n i t s  requi r ing  r e p a i r ,  and congest ion w i l l  a f f e c t  t h e  

r e p a i r  t i m e s .  

s e r v e r ,  exponent ia l  r e p a i r  t i m e s ,  and f i r s t  come, f i r s t  served d i s c i p l i n e .  

Then Z( t , u )  no longer  has  a binomial d i s t r i b u t i o n .  In s t ead ,  r epa i r ed  p a r t s  

w i l l  leave t h e  system according to  a Poisson d i s t r i b u t i o n  u n t i l  no f u r t h e r  

i t e m s  remain. W e  have 

I n  many con- 

As an  a l t e r n a t i v e ,  cons ider  an  M / M / l  queuing system wi th  a s i n g l e  

z ( t , u )  = ( e -”p t> / t !  i f  4<t<u 

u-1 
00 -p k and .Z(u,u) = C (e l.~ ) /k!  = 1 -kzo Z(k,u). 

k=u 
Since  t h e  states of t h e  Markov chain are t h e  number of i t e m s  on hand, i t  i s  

clear t h a t  t h e  Markov assumption t h a t  t h e  next  s ta te  of t h e  system depends 

only  on t h e  p re sen t  s ta te  remains v a l i d .  

The assumption of t h e  model t h a t  t h e r e  is  a choice of r e p a i r  rates may 

be i n t e r p r e t e d  t o  be  a choice  i n  the  number of repairmen ass igned  t o  t h e  

r e p a i r  team o r  t o  overt ime opt ions f o r  an  e x i s t i n g  team. 

extended t o  t h e  mul t i - se rver  case b u t  t h i s  would complicate t h e  c a l c u l a t i o n  

of Z and t h e  Pij’s and w e  do no t  consider  that case here. 

CONCLUSION 

The model could be  

- 

W e  have app l i ed  Markov dec is ion  process  techniques t o  a new problem, 

s imultaneously f i n d i n g  t h e  optimal i n i t i a l  number of r e p a i r a b l e  spa res  and 

t h e  opt imal  r e p a i r  s t r a t e g y  f o r  maintenance c e n t e r  overhauls  of redundant 
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systems. 

graming problems by the simplex method or a policy-improvement algorithm. 

The required assumptions are not very restrictive, extensions are possible, 

and few parameters must be estimated. 

The model requires solution of a reasonable number of linear pro- 



REFERENCES 

1. Heyman, D.P. and Sobol, M.J., Stochastic Models in Operations Research, 

- -  Vol. 11, Stochastic Optimization, McGraw-Hill, Inc., New York, 1984. 
- 

2. Nahmias, S., 11 Managing Reparable Inventory Systems: A Review," Chapter 
12 in Multi-Level Production/Inventory Control Systems: Theory and 

Practice, L. B. Schwartz (Ed.), TIMS Studies in the Management Sciences, 
North-Holland, Amsterdam, 16, 253-278 (1981). 

- 

- 
3 .  Lawrence, S. H. and Schaefer, M. K., "Optimal Maintenance Center Inven- 

tories for Fault-Tolerant Repairable Systems", Journal of Operations 

Management, - 4, 175-181 (1984). 
Schaefer, M. K., "A Multi-Item Maintenance Center Inventory Model for 

- 

4. 
Low-Demand Repairable Items", Management Science, 29, 1062-1068 (1983). 

Schaefer, M. K., "Optimal Inventories for Overhaul of Repairable Redundant 
- 

5 .  

Systems: A Markov Decision Model," Stochastic Failure Models, Replacement 
and Maintenance Policies, and Accelerated Life Testing, M. Abdel-Hameed, 
(Ed.) Academic Press, 1984. 

- - 


